MASSIVE SPIN COLLECTIVE MODE IN QUANTUM HALL FERROMAGNET 
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It is shown that the collective spin rotation of a single Skyrmion in quantum Hall ferromagnet 
can be regarded as precession of the entire spin texture in the external magnetic field, with an 
effective moment of inertia which becomes infinite in the zero g- factor limit. This low- lying spin 
excitation may dramatically enhance the nuclear spin relaxation rate via the hyperfine interaction 
in the quantum well slightly away from filling factor v = \. 
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Nuclear spin dynamics in semiconducting hetero junc- 
tions under the conditions of the odd integer Quan- 
tum Hall (QH) effect is strongly influenced by the 
two-dimensional (2D) electron gas in the quantum well 
through the hyperfine interaction with the electronic 
spins. This effect was first demonstrated in a set of exper- 
iments, reported irj3'-, where the Knight shift, i^s, and 
the ''^Ga spin lattice relaxation time T\ in GaAs multi- 
ple quantum well (MQW) structure under perpendicular 
magnetic field were detected by means of the optically 
pumped NMR (OPNMR) technique. Kg was found to 
reduce dramatically as the Landau level filling factor was 
shifted slightly away from v = \^ indicating that the in- 
jection of a single charge into the 2D electron system 
is followed by reversal of many electronic spins. In the 
same interval of the filling factor T\ was found to drop 
by several orders of magnitude. Both effects are con- 
sidered as strong evidence for the creation of skyrmionic 
spin texture^)^^ in the electronic spin distribution as v 
shifts slightly away from unity, and indicate the crucial 
importance of the hyperfine interaction in controlling the 
nuclear spin dynamics&ji. 

At filling factor v = \ the ground state of the 2D elec- 
tron gas is ferromagnetic even in the limit of zero Zeeman 
energy^. Flipping nuclear spins in this state through the 
hyperfine interaction is followed by the creation of spin 
excitons^^. The extremely long Ti observed by Barrett 
et ai^ may be due to the energy gap existing in the 
exciton spectrum (see below, however). In actual het- 
erojunctions the gap is usually much smaller than the 
theoretical value. It can be suppressed by the combined 
effect of quantum confinement and external pressure^*^ 
or external electric fieldsii. Furthermore, in 2D electron 
gas under strong optical pumping the electronic Zeeman 
energy can be strongly suppressed by the magnetic hy- 
perfine fieldi^. In both cases the effective g-factor is spa- 
tially inhomogeneous due to the presence of long range 
impurity potential fluctuations^. 

Microscopic calculations, based on Hartree-Fock (HF) 
approximation for a single, isolated Skyrmion^^, have 



found a family of low energy excitations, with an ap- 
proximately quadratic relation between the energy and 
the number of flipped spins, if , which can be associated 
with the kinetic rotational energy of the entire spin tex- 
ture. However, except for the special case where K is a 
half integer, the spectrum has an excitation gap, which 
is some fraction of the large Coulomb energy scale. To 
account for the observed enhancement in 1 /Ti , these au- 
thors have suggestedi^ that at f ^ 1, where there is a 
finite density of Skyrmions, the ground state is a Skyrme 
crystal, for which the spin waves spectrum is gapless due 
to the breakdown of the global spin rotation symmetry. 
The existence of such an ordered lattice at |<5i^| < 0.1 , 
where Sv = v — 1, is hard to reconcile, however, with the 
radius, R < 21b, of the Skyrmions reported in- , as the 
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average distance, {8/ \6i/\) , between Skyrmions in this 
filling factors region is larger than 9/^. The relatively 
large value of the g-factor ( 5 ~ —0.4 ), characterizing 
these experiments, makes their theoretical interpretation 
a difficult task. 

In the present letter we propose to focus on differ- 
ent experimental situations, like the ones mentioned 
aboveiSfiS, where the effective g-factor can become much 
smaller than the bulk GaAs value (i.e. \g\ « 0.4 ). We 
restrict the study to the region Ji/ = |i/ — 1| < 0.05 , so 
that the spin rotation of individual Skyrmions with radii, 
R 71b , comparable to characteristic Skyrmion sizes 
found experimentalljiifi^, may reasonably be regarded 
as independent. We show that the excitation gap in the 
collective rotational spectrum of such a single Skyrmion 
diminshes quite sharply when the Skyrmion radius in- 
creases, so that for R 71b the spin excitation gap be- 
comes comparable to the nuclear Zeeman energy under 
consideration. Since the collective spin rotation is cou- 
pled, through the hyperfine interaction, to nuclear spins, 
the nuclear spin relaxation rate should be dramatically 
enhanced. 

We start our analysis by considering the Hamiltonian 
for nuclear spins interacting with 2D electron gas at v = 1 
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in MQW structure 



H — Hn + e + He 



(1) 



where iJ„ = —fvy,^ 'Y^- Ij • Bq is the nuclear Zeeman 
energy, He — — ^7e / (PrS (r) • Bq + -ffee is the electronic 
Hamiltonian, with Hee the electron-electron interaction, 
and Hen — A S (r^ ) • Ij is the Fermi contact hyper- 
fine interaction between the electron and nuclear spins. 
Here Ij is the nuclear spin operator located at r^, S (r) 
is the electronic spin density operator, Bq is the external 
magnetic field, which is perpendicular to the 2D electron 
gas ( Bo = Bqz ) , 7n = and 7^ = ^eMs/^ the 

nuclear and electronic gyromagnetic ratios respectively, 
and A — ^.9n/^„3oMs [""-o (0)|^ is the Fermi contact hy- 
perfine coupling constant. In this expression uq (0) is the 
periodic part of the Bloch wavefunction at the nucleus, 
and go is the g-factor of a free electron. 

Within the HF approximation, and to leading order in 
a gradient expansion, the electronic Hamiltonian He can 
be written as a functional of a unit vector field n (r) , 



He 
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<fr (z • n) - 

(2) 

where Sgp = \g\ Mb -Bo is the Zeeman splitting energy, 

Ib = y/ch/eBo-the magnetic length, ec = i/l'/fe 
is the Coulomb energy, k- the dielectric constant, and 
Q ~ J cPr {n- [dxnxdyn]) is the Skyrmion winding 
number (or topological charge). The unit vector field is 
proportional to the expectation value of the electron spin 
density, i.e. n (r) = 47rS (r), with S (r) = (S (r)). 

The dynamics of the Skyrmionic spin texture can be 
studied by examining the corresponding effective La- 
grangian. This should contain first order time derivative 
to account for the spin wave excitations (or spin-excitons) 
obtained within the microscopic HF scheme at ly ~ 1. It 
has the form —j:^ J d?"r (fidtn) - A (n) , where A (n) is 
a vector potential of a unit magnetic monopole sitting at 
the origin in spin spaced. Since we are interested here in 
a rigid rotation of the entire spin texture, we may restrict 
the analysis, for the sake of simplicity, to the spatial re- 
gion far away from the Skyrmion core, where n is very 
close to z , so that n « (n^^jn^, 1 — — fiy/2), and 
A (n) « i (— riy, Tia;, 0). Separating the collective spin 
rotational motion, described by the variable ip {t) , from 
all the other degrees of freedom in spin space, by writing 
tp (r, t) EE (r, t) + iuy (r, t) = ?/> (r, t) e"^^*\ and then 

adding a MneUc energy term, irn^/^ {^)\ assoe^ated 
with the collective rotation angle, ip (t) , with nis being a 
phenomenological mass, the effective Lagrangian density 
is written in the form: 
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2 ^ ^ \ dt 



(3) 



Note that in deriving this expression all terms of or- 
der higher than ^j'f/'l^^ are neglected. Furthermore, we 

omit here the last term appearing on the RHS of Eq.®, 
which is topological invariant (i.e. under any continuous 
deformation of n) , and so does not influence the equation 
of motion. Also note that Eq.© is consistent with the 
effective Lagrangian derived from the microscopic Hamil- 
tonian in the HF approximation by Apel and Bychko'Vii^. 

It should be stressed that the degrees of freedom in 
spin space, described by the field -0 (r, t) , are assumed to 
be massless. This assumption is consistent with the low- 
est Landau level approximation, usually exploited in this 
context. The Euler-Lagrange equations, derived from the 
effective Lagrangian density, Eq.Q, with respect to ip , 
and ip , are: 
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(5) 



Since Eas. (|4l5|l describe the dynamics of spins in the 
tail of the Skyrmion (where the spin polarization is nearly 
complete) the spin-wave form: ip (r, t) = ip (r, t) e^'^o = 
eicpi (pk ■ r ~ Lut -\- ipq) , where ipQ is a constant, should 
be a solution. Indeed, substituting into Eas. H4l5|l . the 
former equation becomes (the latter equation is trivially 

solved): (—hoj + Sgp + jScI'b^'^) "0 = 07 which is the well 
known spin-wave dispersion relation in the long wave- 
length hmit Huj — Esp + jEcIb^^- 

The desired collective mode can be described by 
■0 (r, t) = -00 (r) e*'^^*-' , where ipQ (r) is time independent. 
It turns Eas. (|4l5|l respectively to 
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The first equation can be separated into purely spatial 
and temporal equations: 



£.p0o-7£c^|vVo=O, (ft^j-4^/|m, ( ^ ) =0 



dip 



with the nontrivial solution for the time dependent equa- 
tion: 



^ S ^ e (4^) Bp 
dt J Anllrris rrisC 



(7) 
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The solutions for the static, space dependent equa- 
tion, 'ipQ{r,(j)) cc K,n{r/lsk)e^"^'^, with Kjn{x) a mod- 
ified Bessel function of integer order, m, coincide with 
the asymptotic form of the static Skyrmion solutions 
with winding number m , found in Ref.('*). Here Isk 
is the length scale corresponding to the Skyrmion's tail, 

= 4e,p/ec/| = 2^\g\a/l%, and a = Kh?/m^e^ 

is the effective Bohr radius (mp being the free electron 
mass). 

Eq.|2I) yields an effective Larmor frequency for pre- 
cession of the entire spin texture in a magnetic field 
Bg = (-^) Bo- The remarkable feature of this result 
is that Bs is , up to a constant, identical to the external 
magnetic field Bq. 

The collective mass mg remains unknown within the 
phenomenological approach described above. It may be 
determined from the variational Skyrmion energy, de- 
rived ini, by exploiting the connection^ between the to- 
tal number, K , of flipped spins in the Skyrmion and the 
eigenvalues of L^-the canonical angular momentum con- 
jugate to Lp. The variational Skyrmion energy was calcu- 
lated in the HF approximation near filling factor i/ = 1— 
by adding to the Hamiltonian Hf, in Eq.(^, consisting 
of the Zeeman energy and the leading exchange energy 
term in the gradient expansion, the Coulomb self energy 
repulsion. The latter represents, in addition to the lead- 
ing, topological invariant term, higher order corrections 
in the gradient expansion, resulting in the following ex- 
pression for the total Skyrmion energy: 



Etot {R) 
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where i? is a variational parameter describing the 
Skyrmion core radius. Identifying with the num- 
ber of flipped spins in the Skyrmion'^, the Zeeman en- 



ergy is l^Ez 
Lz = 
base. 



yjh , and e stands for the natural logarithm 

so that Lz = (^-^^ In • Minimization 

with respect to R yields for the equilibrium core ra- 
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Expanding the energy, Eq.®, up to second order 
in Lz about its equilibrium value, K, that is writing 

Etot (Lz) - Etot {K) + \U {lz + the sec- 

ond term on the RHS corresponds to the 'classical' ro- 
tational energy of the entire spin texture about its sym- 
metry axis. At the classical level any deviation of Lz 
from its equilibrium value K corresponds to a continu- 
ous spatial deformation of the Skyrmion with respect to 



its equilibrium configuration, thus conserving its topolog- 
ical charge, Q, but increasing the Skyrmion energy with 
respect to its equilibrium value. The collective rotation of 
the Skyrmion in spin space is therefore reflected as a ra- 
dial expansion or contraction in orbital space. Quantiza- 
tion of this rotational motion can be achieved by replac- 

iiig - . which yields H^ot = \U (i^ - k)\ 

Now, the rotational energy*', E^^t = ^ (^) ' 
equated to the lowest eigenvalue of the rotational Hamil- 
tonian iJrot, namely , to find the angular velocity: 



and g = g{j~^- This remarkable result is consistent 

with the Larmor frequency found in Eq.©, provided the 
phenomenological mass is rris = Ms/At:. The resulting 
effective mass, Ea. (|lU|) . diverges with vanishing g- factor 
like reflecting the macroscopic inertial mass as- 

sociated with the collective rotation of a Skyrmion. 

As indicated above, local g-factors should fluctuate sig- 
nificantly in the space of the QW, due e.g. to lattice 
strains, and long range fluctuating electric field, which 
always exists in the QW as a result of the ionized im- 
purities located in the barriers. In fact for a QW width 
I - 701^°, and typical electric field of about lO^^V/A, 
the corresponding fiuctuation in the g-factor can be of 
the order of the bulk g-factor itsel£ii=, so that local values 
can become very small. The size of the corresponding 
large Skyrmions is expected, however, to be limited by 
disorder potentiattifi^fi^. A lower bound on the values 
of \g\ , below which the Skyrmion radius does not change, 
can be estimated from the experimental data reported in 
Ref.(i2,). This yields g ~ 0.03 ( or g - 0.002 ) for which 
the corresponding mass ratio is Ms/niQ ^ 10"*, and the 
collective Larmor frequency, uJsk = is comparable 

to the nuclear ''^Ga Zeeman frequency, ujn ~ 10"'*7gi?o- 
It should be stressed, however, that despite the huge 
enhancement of M^, the radius, R ~ 71b, of such a 
large spin texture, remains smaller than half of the av- 
erage distance between neighboring Skyrmions, as long 
as ISi^l < 0.05. Thus, within this filling factor region 
our picture of independently rotating Skyrmions in spin 
space should be valid. 

Our theoretical tools are not yet sufficiently de- 
veloped, however, to enable us sufficiently accurate 
evaluation of the desired relaxation rates. The best 
we can do at present is to set some reasonable bounds 
on these rates. We follow the theory developed in 
Refsi^fi^ to estimate the decay of the deviation, 
i5/z(r,t), of the nuclear spin polarization from its 
equilibrium value, i.e. SIz{r,t) — (5/^(r, 0)e^'"(""^*', 
where r(r,t) = Re dt'S, {r,t'), £,{r,t) = 

^ /q dre^""(^-*) <J{5+(r,t),5_(r,r)|^, and the aver- 
age is performed over the electronic states. Restricting 
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the analysis to positions r far away from the Skyrmion 
core, where S+{r,t) w -^tpQ (r) e^'^^*\ we may rewrite 



where e*'^*^*-' = Q'-tHrot/n^i-p^-itH, 



tin 



algebra yields: T (r, t) 
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A straightforward 

i-cos[(c/^A:/ri~i^,.)t] 



where = [K] — K , and [K] is the half integer 
closest to K. This expression, which describes a 
highly idealized situation, may be used to estimate a 
lower bound for Ti by considering the limit when the 
excitation gap vanishes, i.e. when {USK/H — ujn) 0. 
The corresponding nuclear spin relaxation is Gaussian, 

Sh{r,t) ~ e~("l^o('")|/'''')'*', with characteristic local 
relaxation time Tf'' (r) ~ An /a i/jq (r) , determined 
by the local transverse spin density. Typical values 
are therefore of the order of 1/Ks, which is roughly 
10^'^ sec for GaAs MQW. This extremely small result 
(as compared to typical values, Ti ~ 10'^ sec , observed 
at = 1 ) indicates the great sensitivity of the nuclear 
relaxation time Ti to the filling factor in the close 
vicinity oi u = 1. 

It is interesting to make a similar lower bound es- 
timate of the corresponding relaxation time at = 
1, where the number of Skyrmions vanishes and the 
nuclear spin dynamics is controlled by the coupling 
spin waves. In this casai^: F (r, t) = 

2 {hKsf kdke-''"'^ '''"f 'gff/^p"'*^ ' 



to the 



^ex (^) ~ ^sp 

limit £ex{k) - 
{2hKsf J^kdke 
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jEck"^ , for fc = kin <C 1. Thus in the 
we find for t > h/ec ■ r(i) = 

/ 2(27r)^_R'| \ , 

that the relaxation of the nuclear spin polarization is a 
simple exponential, with a characteristic relaxation time 
Tf^'^ = ^ (^) (t^)- For GaAs MQW this ex- 
pression yields Tf^'^ 4 x 10^ sec, which is of the same 
order of magnitude as the experimentally measured Ti 
at 1/ = 1. The very long Ti obtained in this case is due 
to the large (Coulomb) energy scale of the spin- waves ex- 
citations. In contrast, the energy scale of the collective 
spin rotations of all possible Skyrmions with different g- 
factors is always a small fraction of the electronic Zeeman 
energy, so that the corresponding Ti is by several orders 
of magnitude shorter than 2^^'=. 

In conclusion, we have shown that for a QH ferromag- 
net, realized in QW with sufficiently suppressed effective 
g-factor— fi^, one expects dramatic enhancement of the 
nuclear spin-lattice relaxation rate, while shifting the fill- 
ing factor slightly away from v = \. This effect is asso- 
ciated with nearly gapless excitation of almost free rota- 
tions in spin space of individual Skyrmions. 
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